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In a recent grand canonical Monte Carlo simulation and modified Poisson–Boltzmann
(MPB) theoretical study of the differential capacitance of a restricted primitive model double
layer at high electrolyte densities, Lamperski, Outhwaite and Bhuiyan (J. Phys. Chem. B
2009, 113, 8925) have reported a maximum in the differential capacitance as a function of
electrode charge, in contrast to that seen in double layers at lower ionic densities. The ven-
erable Gouy–Chapman–Stern (GCS) theory always yields a minimum and gives values for
the capacitance that tend to be too small at these higher densities. In contrast, the mean
spherical approximation (MSA) leads to better agreement with the simulation results than
does the GCS approximation at higher densities but the agreement is not quite as good as
for the MPB approximation. Since the MSA is a linear response theory, it gives predictions
only for small electrode charge. Nonetheless, the MSA is of value since it leads to analytic
results. A simple extension of the MSA to higher electrode charges would be valuable.
Keywords: Electric double layer; Mean spherical approximation; Capacitance; Grand canoni-
cal Monte Carlo simulations; High density electrolytes; Electrochemistry.

An interfacial charged layer is formed in an electrolyte near a charged
electrode. This layer is conventionally called a double layer but with the
presence of divalent ions in the electrolyte and/or at high electrolyte con-
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centrations this layer may consist of alternating layers of charges of differ-
ent sign. In planar geometry, that is, a planar electrode next to the elec-
trolyte, the long standing Gouy–Chapman–Stern (GCS) theory1–3 is the
classical theory of double layer phenomenon, which is widely used. How-
ever, its popularity is due more to the fact that it is analytic and hence con-
venient to use rather than to its accuracy. A review of theoretical work on
the double layer has been published recently4.

The GCS theory is based on the assumption that the solvent can be re-
placed by a dielectric continuum whose relative permittivity, εr, is equal to
that of the solvent and the ions are point ions with only an electrostatic in-
teraction with the charged electrode, and which can approach the electrode
not closer than a distance-of-closest-approach from the electrode. By ascrib-
ing an exclusion volume to the ions (spherical rigid ions), the underlying
model that emerges is called the primitive model (PM) of the electrolyte.
This is a simple, yet non-trivial model that has been enormously useful in
our understanding of the properties of the electric double layer4. If the rigid
ions are all of the same size, the model is called the restricted primitive
model (RPM). Note that in the case of a high density system, such as an
ionic liquid or a molten salt, there is no solvent and the neglect of a molec-
ular solvent is not an approximation. For simplicity, let us restrict our at-
tention to a symmetric salt (in both charge and diameter). One aspect of
the GCS theory is that in this theory the differential capacitance has a min-
imum at small electrode charge and the capacitance rises to a constant that
is independent of the concentration (called the inner layer capacitance) at
large electrode charge. At a high enough ion density, the entire GCS capaci-
tance becomes independent of electrode charge. However, under no cir-
cumstances is there a maximum in the GCS capacitance. This seems to be
in qualitative agreement with experiment for low concentration aqueous
electrolytes5.

Lamperski and Kłos6, and Lamperski, Outhwaite and Bhuiyan7 have re-
cently published a grand canonical Monte Carlo (GCMC) simulation and
modified Poisson–Boltzmann (MPB) approximation study of the differential
capacitance of the RPM planar double layer. They found that the nature of
the differential capacitance (at and near zero electrode charge) changes
from having a minimum at low electrolyte densities to having a maximum
at sufficiently high electrolyte densities. This is true of both the simulation
and MPB results. Such maxima have also been predicted by mean field lat-
tice-gas type theories8,9. An interesting question seems to be whether the
maximum at small electrode charge might exceed the inner layer capaci-
tance at very large densities.
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It is worth applying other theories to bear on this situation. After the
GCS theory, the simplest theory of the double layer is the mean spherical
approximation (MSA). This theory yields simple, closed form analytic re-
sults for the capacitance and explicit results for the potential, density and
charge profiles. The MSA can be regarded as an extension of the linearized
GCS theory with the ion diameters included in a self-consistent manner.
As the MSA is a linear response theory, it is not possible to answer the
question whether the capacitance is a minimum or maximum at a small
electrode charge. However, the MSA values of the capacitance may be com-
pared with the GCS, MPB and simulation results. This is the aim of the
present paper. Since the MSA is restricted to small electrode charge where
the potential is a linear function of electrode charge, there is no difference
between differential and integral capacitances.

THEORY

In the GCS theory the differential capacitance for a symmetric valency elec-
trolyte is
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b = βzeσ/κε0εr is the dimensionless charge of the electrode, where σ is the
charge/unit area in dimensional units, d/2 is the distance of closest ap-
proach of an ion to the electrode, ε0 is the permittivity of vacuum, z is the
magnitude of the ionic valency, and e the magnitude of the elementary
charge. The parameter β = 1/kBT, kB being the Boltzmann constant, T is the
absolute temperature, and ρ is the mean number density of all the ions.

Examination of Eq. (1) shows that the GCS capacitance has a minimum
at b = 0. The GCS capacitance increases with increasing b and becomes
a constant, 2ε0εr/d at large b. As mentioned earlier, at high ionic densities
this is qualitatively different from the simulation results of Lamperski and
co-workers6,7.

Lamperski et al.7 found that the MPB approximation gives a good descrip-
tion of the double layer differential capacitance, both qualitatively and
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quantitatively. A detailed summary of the MPB approximation has been
given in ref.7. It seems worthwhile to examine the consequences of the
MSA theory applied to the problem. The MSA theory for the double layer10

has the advantage of yielding a simple analytic expression for C. The disad-
vantage of the MSA is that it is a linear response theory yielding results
only for small electrode charge. The MSA expression for C is

C = ε0εr 2Γ (3)

where

2 1 1Γd d= + −κ (4)

is the MSA analogue of κ. Note that here d is the common ionic diameter.
At low densities, Γ = κ/2 and the MSA expression for C reduces to the corre-
sponding linearized GCS result. Furthermore, the MSA values for C can be-
come very large; they do not have an upper limit as is the case for the GCS
theory. However, the MSA C is independent of σ for a given concentration
and so is unable to say whether there is a maximum at high densities or a
minimum at low densities.

The details of the GCMC simulation method have been reported by
Lamperski and co-workers6,7 using the techniques described by Torrie and
Valleau11. The mean activity coefficient needed in the simulations was cal-
culated using the recently developed inverse grand canonical Monte Carlo
technique12 that allows an evaluation of the activity coefficient for a speci-
fied electrolyte concentration.

RESULTS AND DISCUSSION

To make contact with the results of ref.7, we use the same state that was
considered in that paper. Our simulations and theoretical results were ob-
tained for d = 0.4 nm and T* = 4πkBTε0εrd/z2e2 = 0.8. The use of dimen-
sionless T* allows for a range of physical parameters to be studied. A range
of values of ρ* = ρd3 is considered. For the value of d = 0.4 nm, the values of
0.14 < ρ* < 0.24, the region of main interest here, encompasses the transi-
tion of C at T* = 0.8 from a minimum to a maximum seen in the simula-
tion and MPB study7 and correspond to molar concentrations between 1.81
and 3.11 mol/dm3.

Since the MSA is under study in this paper, we felt that it would be of
value to examine the MSA prediction for the osmotic coefficient
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where η = πρd3/6. The MSA result for a has been found to be quite accurate
for the low ionic densities, which are characteristic for aqueous electrolytes
but as we believe that no previous simulation results at higher ionic densi-
ties have been reported to date, we have undertaken such a study here.
Note that without the second term on the right hand side of Eq. (5), it re-
duces to the Carnahan–Starling (CS) expression13 for the osmotic coeffi-
cient of a hard sphere fluid of the same size, which is well known in the
literature as providing a very accurate description of the osmotic coefficient
of hard sphere fluid systems. Plots of the MSA and simulation values of a
within the range 0 < ρ* < 0.6 are shown in Fig. 1. The corresponding CS val-
ues of a are also plotted for comparison purposes. The MSA values of a are
in better agreement with the simulation values overall than are the CS val-
ues. The two theoretical a’s together with the simulation a tend to unity –
the ideal gas limit, as ρ* → 0 as expected. In the GCS theory, one has the
ideal gas value a = 1 for all states. The MSA values for a are close to the cor-
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FIG. 1
The osmotic coefficient a = pV/NkBT as a function of the reduced density ρ* at the reduced
temperature T* = 0.8. The symbols are Monte Carlo data, while the dashed and the
dash-dotted lines represent MSA and CS results, respectively. The line through the symbols is
shown as a visual aid



responding simulation values for most of the density range studied,
whereas the CS results lie consistently above those from the MSA and the
simulations. As suggested by Eq. (5) and also borne out by the simulations,
electrostatic interactions have the effect of lowering the osmotic pressure of
the system.

At very low densities the MSA a’s lie below unity (as can be seen in the
inset of Fig. 1) and agree well with the simulation results, while the CS a’s
always exceed unity. Interestingly, the MSA estimate of the electrostatic
contribution to a (the Γ3 term on the right-hand side of Eq. (5)) does not
depend strongly on the density. At very high densities the MSA a’s tend to
be too large relative to the simulations. This would indicate that at such
high densities either the hard core contribution to a is overestimated or the
electrostatic contribution to a is underestimated in the MSA, or both. In
contrast, the CS results for a are always too large. This is not surprising
since the electrostatic contribution is missing in the CS formulation.

Although, the hard sphere term is the dominant contribution to a at high
densities (see Fig. 1), one should not be misled into thinking that this is the
case for all situations or properties. For example, at the values of T* for
divalent ions that are roughly four times smaller, the electrostatic contribu-
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FIG. 2
The double layer capacitance C as a function of the reduced density ρ* at the reduced tempera-
ture T* = 0.8. The symbols are Monte Carlo data, while the dashed, dash-dotted and solid lines
represent MSA, MPB and GCS results, respectively. The line through the symbols is shown as a
visual aid. The simulation, MPB and GCS capacitances are at zero surface charge



tion to a would be correspondingly larger. Furthermore, for some quanti-
ties, such as the excess energy, there is no hard sphere contribution. The
point of Fig. 1 is that, except at the highest densities, the MSA expression a
is quite accurate.

In Fig. 2, the MSA values for C are compared with the corresponding sim-
ulation, GCS and MPB results. Note that the latter three results have been
evaluated at zero surface charge on the electrode. The GCS prediction is
lower relative to the simulations. The MSA values are also lower but stay
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FIG. 3
The electrode-ion singlet distribution functions gi(x/d) at the reduced density ρ* = 0.5, reduced
temperature T* = 0.8 and surface charge density σ = 0.05 C/m2. The symbols are Monte Carlo
data, while the dash-dotted and dashed lines represent MPB (a) and MSA (b) results, respec-
tively. The line through the symbols is shown as a visual aid



much above the GCS values. The MPB values are a little high but are in
good agreement with the simulation results.

In Fig. 3, the MSA and MPB electrode-ion singlet distributions along
with the simulation results at a high salt concentration (ρ* = 0.5) are shown
for a low (σ = 0.05 C/m2) surface charge density. For the sake of clarity we
have chosen to present the MPB results in panel (a) and the MSA results in
panel (b). At this charge, apart from the region around contact both the
theories are qualitative corresponding to the simulation results.

In Fig. 4, the MPB singlet distribution functions along with those from
the simulations are shown at a higher electrode charge of σ = 0.3 C/m2

where the MPB profiles are seen to deviate somewhat more from the simu-
lation values. As indicated earlier, the MSA is a linear theory valid only for
small surface charge around σ = 0, and is thus not tenable here and hence
not shown.

Since the conclusion of this work, it has come to our attention that
Fawcett et al.14 have made simulations for the RPM double layer at high
electrolyte concentrations. They have reported estimates of some capaci-
tance values and found that the mean field lattice-gas theories8,9 were not
in agreement with their simulation results.
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FIG. 4
The electrode-ion singlet distribution functions gi(x/d) at the reduced density ρ* = 0.5, reduced
temperature T* = 0.8 and surface charge density σ = 0.3 C/m2. The symbols are Monte Carlo
data, while the dash-dotted lines represent MPB results. The line through the symbols is
shown as a visual aid



CONCLUSIONS

The focus of this paper has been an in-depth examination of the MSA pre-
dictions for the capacitance of a RPM planar double layer. This is a topic of
interest as some recent studies6–8 in the literature have shown that the dif-
ferential capacitance as a function of the electrode charge can reveal a max-
imum at sufficiently high salt concentrations. The traditional GCS theory
does not capture this effect. In contrast, the MSA gives a good description
of the capacitance for high ion densities and small electrode charge. The
MSA has nothing to say about whether the capacitance has a maximum or
a minimum. However, the MSA is identical to the linearized GCS theory at
low densities. Thus, it is reasonable to say that the MSA is consistent with a
minimum in the capacitance at low densities since its values for C at σ = 0
compare favorably to the GCS, MPB and simulation values that predict a
mimimum at low densities. The reasonably good agreement of the MSA ca-
pacitance with the simulation and MPB results at a small electrode charge
at high densities, which predict a maximum, suggest that the MSA results
are consistent with a maximum. The MPB gives better results than does the
MSA. However, the advantage of the MSA is that it yields analytic results,
is easy to use, and hence is convenient when it comes to routine, everyday
analysis of experimental data. Admittedly, a limitation is the fact that the
MSA relation for capacitance is valid for small electrode charges around
zero electrode charge. Thus an accurate extension, even semiempirical, of
the MSA result for C to higher electrode charges would be valuable.

S. L. appreciates financial support from the Faculty of Chemistry, Adam Mickiewicz University.
L.B.B. wishes to acknowledge an institutional grant through Fondos Institucionales Para la
Investigación (FIPI), University of Puerto Rico.

REFERENCES

1. Gouy M.: J. Phys. 1910, 9, 457.
2. Chapman D. L.: Philos. Mag. 1913, 25, 475.
3. Stern O.: Z. Elektrochem. 1924, 30, 508.
4. Henderson D., Boda D.: Phys. Chem. Chem. Phys. 2009, 11, 3822.
5. Parsons R., Zobel F. G. R.: J. Electroanal. Chem. 1965, 9, 333.
6. Lamperski S., Kłos J.: J. Chem. Phys. 2008, 129, 164503.
7. Lamperski S., Outhwaite C. W., Bhuiyan L. B.: J. Phys. Chem. B 2009, 113, 8925.
8. Kornyshev A. A.: J. Phys. Chem. B 2007, 111, 5545.
9. Kilic M. S., Bazant M. Z., Ajdari A.: Phys. Rev. E 2007, 75, 021502.

10. Blum L.: J. Phys. Chem. 1977, 81, 136.
11. Torrie G. M., Valleau J. P.: J. Chem. Phys. 1980, 73, 5807.

Collect. Czech. Chem. Commun. 2010, Vol. 75, No. 3, pp. 303–312

A Mean Spherical Approximation Study 311



12. Lamperski S.: Mol. Simul. 2007, 33, 1193.
13. Hansen J.-P., Macdonald I. R.: Theory of Simple Liquids, 2nd ed. Academic Press, London

1990.
14. Fawcett W. R., Ryan P., Smagala T.: J. Phys. Chem. B 2009, 113, 14310.

Collect. Czech. Chem. Commun. 2010, Vol. 75, No. 3, pp. 303–312

312 Henderson, Lamperski, Outhwaite, Bhuiyan:


